
LectureII :Apeographproduct codes

Part II
-

In this lecture we will drive the

number ofequbits ,
I
,
and

Thecodedistance
, d, of a hyprgoe

Def : transpose code
-

Consider a linear code Y with

parity-check matrix H
.

The transpose code UT is the

linear code with parity check

matrix HT
. ④



Lemma I
-

The number of encoded qubib,

or dimension
, of IT is

2T = k - n + m

where n is the number of physical

qubits in I and m is the number

of rows in H
.

Proof
-

kT = m -rank (HT)

= m - rank (H) = m - (n - b)

= m - n + k

1

②



Note : if H is full rank
,
i . e.,

- m = k then AT = 0
.

Example : repetition code

Tanner graph
H = [!0 ]

0-1-0-1 .... D-O

Transpor code just
exchanges

variable and check modes in the Tanner

graph .

D-0-1- 0 ... o-B

H =

[10 "o I
③



Det : subgraph product

Let G = (EV, C,
3

,
E

. ) and

E2 = (EV2 ,
23

,
E2) be two

Tamer graphs .

Define G
, G2 to be the induced

subgraph of GxG,

with variable

mode set V
, XV2 and check

mode set C XV2
V

,
X &

.

-

We emphasize G* EFG , xG !
-

④



Example G = Gz = 0-D-0-B-0

-

Ge
----0 B O DO

oo---i O 1-O

I ↓
D T----

G x Gz

↑ i q
- PoolB

Node set

O
-V , XV2uC , xC I I I

Ge
----O A O DO

O O-i-0-1 -O

I
D T B

no ment-&G ↑ i !B O

Node set B 1 B 1

I I
V , X Vz O O-D-0-1-O

⑤



Det : product code

Let Y
,
and I, be two linear

codes w) paranates In ,
child ,

] and

Inz
,
12

,
da]

,
respectively .

The product code 2, 22 is

-

the linear code with m = n
, he

whose codewords may be viewed

as binary matrices of size n
, xn2

such that a matrix belongs to 2, 2

iff all its colums belong to e,

and all its rows belong to 22.

⑥



Example

C ,
= Ez = 3 bit repetition code

H = [61i]

Code words & 8000)
,
(iii)

The corresponding Tanner graph is
-

exactly G ,
G
,

when G
,
is

-

the Tamer graph of E ,
& G2 is

the Tame graph of E2 .

Ge
----O DO DO

0 0-i- 0-1-0

& T

icodeeB D B B

⑦



Lemma 1 : The dimension of the
-

product code 2
,
04 is k

, kz

wher Ki is the dimension of ei. .

Roof
-

The codewords of the product code

are tensor products

uT ② V where n + Y
,

c vetz.

We can reshape this matrix into

avector cov
.

Recall that a generator matrix

of : is a kixni matrix whose

rows form a basis forYi .

⑧



From the form of the codewords

above we observe that

J
,
* J2 is a generator matrix

for 4
, 04 ,

where Ji is the

generator matrix of Ei -

5, J2 is a b
, 52 x ninz

matrix
,
hence the dimension of

the product code is hi, hz
. T

④



Lemma 3 : Consider the code
--

HGP /Hi H2)
,
where G

,
= (EV ,

C
,
3
,
Ei

is the Tamer graph corresponding to

H
,
and G2 = /EV,C3 ,

Ez) is the Tanner

graph corresponding to H2
-

Then the Tanner graph corresponding

to Hx is (GT* G2)" and

the Tanner graph corresponding

to Hz is (G,GI)
T

.

Proof :
-

G ! G2 has mode set
⑳



V = C
, X Va and check set

C = C
, XC V ,

XV

and there is an edge between

(x, y) EV (xi y') + C

it x = 2 and Ey , y'3t Ez

or y
= y' and Ecc, '3 + E , .

(GTG2)" has wetex set

C = C x Vz

V = V
,
X V V C , XC and the

same edge set

This is exactly the subgraph of

G
, xG induced by C

,
XV

2
in the

⑪



the Tamer graph of Hx
.

The argment few Hz is

analogous 1

Example H
,

= He = [ bi ; ]

6, = G = 0-B-0
-13-0

Ge
O-D-0- D- 0

i B B D

I I I
0-B- 0 - 1- O

G
,

T

G T
! I I 1

Gr B B B D

1 I ↑ I
O O-D-0- 1)- O

di I I

B D

⑭



O O O

I I
1-O-D-0-1

(GTG)
T I I ·O O

I ↑
B -O-D-O- B

↑ I I
O O G

-1 iO in- 0- D- O

anddequ!
I

HGP(H,He).1 I I I
0- -0- -O

0- - 0- -C
↑ I

C C
I I(G, GT)

T
C - o--- 0- -

I I

& C

I I
o- - 0---0

⑬



Lemma 4 : The number of encoded
-

qubits of the code HGP (H ,
H2)

is t + K , Hy
,
where

Hi-M() is the pcm of livearee

3
,
ul parameter In ,

h, d , ] and

H2-M(2) is the pcm of livearee

Y2 ul parameter [hzsh2 , d2].

Proof :
-

↓ = x-rank(Hx) - rank (Hz)

= n - (n-dim((x)) - (n-dim (Ez)
e

Linear defined by ⑭



↓ = dim((x) + dim/Yz) -

n

dim ((x) = n
,2 + M

,M2-Mine Lan . T

+ dim /2)
Len . 3

= 1
,12 + M

,Mz - M
, n2

+ dim/4T* (2) Lem
. 2

= n
, 12 + M, M2 -Minn + hi ke

dim ((z) = n
,2 + M

, M2 - n
,M2 Lem .

T

+ dim(E)

= n
,2+ M , M2

- n , M2 + K
,
t

E = n
, 12 + M, M2 -Minn + AT k=

+ 2 + M , my
- n , M2 + k

,
t

- "
2 ⑮



E = n
, 12 + M, M2 -Minn + AT k=

+ m , M2
- n , M2 + k

,
E

= n , (n2 - M2) - m
, (n2 - M2)

+ M
, M2 + kT kz + h , by

= (n
, -mi) (n-m2)

+ kT kz + h , by

= (G - GY (/k2-E2) Lemma <

+ kT kz + h , by

= E
, kn-bl-AThz + GTE-

+ kT kz+~
= E

, kz + ATk

B



Lenna 5 : The code distance

of the code HGP (H ,
H2)

Famin(d,da,
di , di)

,
where

H
,
-M() is the pcm of linearee

3
,
ul parameter In ,

h, d , ] and

(HeeME is the pam of livearee

Y2 ul parameter [hzsh2 , d2].

Roof
-

Consider a Pauli E-type operator

that commutes with the X-type

stabilizes of HGP/H ,
H2) and

was weight ! min(d, dit). ⑰



Such an operator can be represented

by a codeword 3- Ex
,
where

Ex is the timer code defined by

Hx
.

Let supp(z) < V , XV 0 C ,
x C

denote the support of 3 .

Define
Vi : = EveV: EveVz ,

(v), v) +supp(z)31

C' := E ctCz : 7 C -C, (i , c) + supp(z)3
Tanner

Let G! be the subgraph of G,
send
of H ,

induced by V ,
'UC2 and let Gi

I

be the subgraph of G2 induced by V , Cn



Example i
Hi = Hz = [iii]

-

Ge
----O A O D 0- 13- 0

Z Z
--- iO O D O 1-o - ↑

-
D T O D

I

i
z ↓

!
-

-
I↑ ·of -Go

I I
B O3- -D-q- D- o-B

I I I I I
O 0- -0--O

-

- O

I

t - -b -b - b
-

B
-
b
- b

I I I I
o - B - O-B --G ⑰ O

- ai 60-1-0

i
⑭



Let Li and 2. be the liner

code defined by the Tamer graphs

Gi &Gi , respectively -

Any code word of Y , can be
-

extended to a codeward of 4,
-

by padding it with zeros .

-

(20 ,
pe
, ...2(il) -> Y,

(20 ,
21, ..., PN , 1 0

,
0, . . .,

0) +Y ,

We also haveId,
and

So 20 = x = ... = <V,
= 0
,

i
. e.

dim (2)) = 0.

⑳



Similarly any codeword of Y'T

can be extended to a codeword

of et by paddling w/ zers but

the codeword has ut ? diso dim (eit) = 0.

Let Hi be the pan corresponding
to Gi

By Emma4 , the code

HAP /Hi ,
Hil has

k' = k'k2 + kYkit = 0

- ↑
O O

dim (ei) dim / ??")

⑭



Denote by2 the restriction of

- to ViXV UC ,
x Ci

.

Example
-

ai 60-1-0

HGP /Hi ,
Hi

1

Gr

o-1- O

z Z

O O-m-O
1

G 1 1 Iz
H 1- O - D

z

⑭



Denote by hz /V ,
< 2) the

-

row of Hz corresponding to

V, a C - C2 and similar

for Ai, c') withiand citi2

Note that asI = 0 any operator

5 that commutes with the X-type

stabilize of HGPCHi , Hil must

↳ a type stabilizer of

HGP (Hi , Hi) .

5= hi Cri , i) where

(vi ,ci)+5

JeVixCn23O



The set of neighbours of any

(vi ,
c) -> V is the same as

-

in the corresponding (vi , (i) + V .

Recall the vertex at of G is Vis C
-

and the vertex set of G2 is U v C
,2

and vitVi
,

ci + C1.

= The metex set of G , X 6 !

is ViXV 0 C
,
xC

.

All the weightoms of (vi , <i) in

G
, xG2 are contained in

Ev ; 3xV,
UC ,

x &3, which

is a subset of the above. ⑭



Therefore we also have

-= hz(vii) in

(vii)-> J

- is a z-type stabilizer
.

--

Therefore any E-type operator

that commutesof the X stabilizes

w) weight min (disdit) must

be a E-type stabilizer .

Running the same argument wh

X & z exchanged allows us

to conclude that any X-type

operator that commutes of the



I stabilizes and has weight

↓ min (d ., di) must be

an X-type stabilizer.

Therefore any operator that

commutes with all the stabilizes

and is not itself a stabilizer

has weight, min (d, da ,di, di). D

⑯



One can also show that

the code distance of

HGPCH
,
H2)

dmin) di,das di , dat

and therefore

Amin(de,
de
,
di

,
di

⑰



We can therefore conclude that

the hypergraph product code

HGP (H, , H2) has parameters

minnsGiGrtAite
-

⑳


