
Lecture ☒ : Univesal ⑦
-

gates

we saw last lecture that

no QECC Can have a

transversal universal gate
set

.

So to construct an

FT universal gate set

we need to look beyond
transversal gates .

In this

lecture we will learn how to

implement an FT F gate



using Eje
and ②

magicsI.mn .

We begin by examining
a special QECC called

the15qubitpeed-mullr-ode.EE
15
, 1,3 ]] code

Qubits : vertices

2- stabilizes ;

faces

✗ stabilizes ;

cells



③

For each face f we
have

a stabilizer generator

Z (f) = IT z
,

←
Z on the quoit
on v
,
I elsewhere

vef

For each cell c we
have a

stabilizer generator

✗ (c) = ✗✓



Claim ④

The 15g RM Code has

a transversal F gate .

Proof

Note that to> is a

superposition of Hamming

weight 8 strings .

1 Each Sx generator is wt 8

and generators shoe 4 qubits )

I = ✗
☒ "

is a representative
of logical ✗ ( easy to verify )



=) IT> is a superposition
⑤

of Hamming wt 7 strings .

T / 07=107

T / 1) = e.it/4li--w / I >

1-
+
In = ✓

*
11 )

I = 1- 1-
☒ '5 wt 8

1- To> =
-21-+0×151>4

F- = IH78 /a) = to>

T



T1D = 52 1-
+☒ ''

ly >
⑥

9 wt 7

= 54*519 >

*
=

f- wly )
= w Fly >
= wit ☐

Codes with this property
are rare and have special

symmetries (tri orthogonal codes )
.



How does this help us
⑦

do universal FT computation ?

Suppose we start v1 the

steak code
.

We have

transversal Clifford gates .

To promote this to universality

we need e. g.
a FT

T gate .



⑧
Now suppose we can

fault - tolerantly prepare

the state III) = IT>

( encoded in Sleeve code )
.

Consider

It > •-☒- ?

hi>
¥☐!

This is called a
'stale

injection circuit
'
.
let's see why .



It > •-☒- ? ⑨

hi>
¥☐!

( we drop the bars )

( to > + v11 >Halo > +Pll ) )
= ✗ 100) + plot> + win 110> + WP1H)

CITY ✗ too > 1- plot > +with > +wpllo )

Measure q2 :

10) outcome

→ ✗ to> + WP11 ) = TH >



①
It> outcome

P10>+wall )

E) pit> + WX10 )

→ WZPII > + w ✗ 10 )

= w[✗ to > + wpl 17]
[ irrelevant global phase

= TH)



①
In Steam code

CNOT
, ×,

S
,
2- basis meas .

are all fault-tolerant

so given III) we can

implement T faut- tolerantly .

It > •-☒- THI
H

II>
¥☒

Aside : To deine above avait

commute T backwards through

teleportation circuit , see HW .



①
How do we prepare

TTI > ?

KitanoMagicstated.is/iyal--Branyhnii']
Idea : start with several

noisy copies of IT> = 1- It )

and
'

distil
'

them into a

less noisy IT ) state



①
Set-up

The states

11-7 = 1-1+7 and

IT
'
7=2-1-17 form a basis for

Iq states

Given an arbitrary state

p
= ✗ ITXTI +pltxtl

+ 8 IT ✗ T
'

/ + 5 IT ' XT 't



④We can apply the

dephas.mg may

E. ( p ) = Ip + AsAt

A-- EEÉIa=
→ (%)

A IT > = wtw% ) / f)
= wt

(E) =
war (f)

= IT )

A IT4 = ✓
*

(% ;) ( Ir )

=w*(;) =
-w*wH )
= - IT c)



①Therefore
, applying E

to

p
= a ITXT I + p ItXTI

+ 8 IT ✗ T
'

I + 5 IT ' XT ' l

destroys the off - diagonal elements

giving

p
= ✗ IT XT I + p IT

' ✗ T
'

I

= ( I- p) ITXTI + p IT
'
✗ T
'

/



We assume that we start①

WI n encoded noisy IT )

states
,
which we can

prepare using a non
FT

avant e Clifford tuntiy
avant

Input states

plp ) = ( I- p) IF ✗ It xp
IT ✗ IT



We implement the following ①

circuit

]
- ""

II)

""

=;µ⇒ÉÉf←, -☒ Post
select

or trivial

lot-]-☒- -☒ syndrome

9
Encoding circuit for 15g

Reed -Muller code ( Clifford )

we assume that the only
source of error is the Tt gates ,
which we implement using



our noisy T states ⑧

Recall

IF > •-☒- III)
Iñµ☒

plp ) = ( I - p ) ITXTI
+ plT'✗ TC1

The output state will be

of the from

p( g) = ( I - g) ITXTI

+ q IT
' ✗ T
' I



We want to evaluate q ①

First step :

FT probability that

the syndrome is trivial

IF > •-☒- III)

HiKif
2- error m IT ) propagates

to

2- error on III>

The syndrome will be trivial

if the error counts with

the stabilizer .



Pr [ non-trivial syndrome]
④

= [ ( I - p )
"""

IEI
p

E£Np( Sx )

{ Normalize of Sx in

Pauli group
ie

{ PER :p -s=SPV- SE5X }

= 1- [ ( I - zp )
/£1 [MacWilliams

identity ]
15×1 Eesx

= %( 1+1511 - 2p
)
' )

9 [
All other E in Sx

IE5X
have wt 8



second-stage : ④

Protocol succeeds it

no logical ever given
the syndrome was

trivial

P [ success ]

= Pr [ trivial syndrome e no

logical error ]
-

Pr [ trivial syndrome ]

= pr-lenwisstabr.li#
Pr [trivial syndrome]



q= I - [ ( i - p )
" '

p'
F- I
④

EESz-
£4 + 1511 - 2p ) 8)

i. [MacWilliams ]

= "¥¥÷¥÷;;""
= 35ps + 0 ( p

" )

Pr[ tring ] = I - tsp + Ocp )



⑤
So we started with

15 noisy IT ) states

with error p

We finish with one

IT ) state with error

q= 35ps + Ocp
" )

Now suppose
we apply

this procedure recursively



④
We have

recursion

q = 35ps ✓
level

Path , p ) =# ( Esp )
"

15
'

= n ( we assure that

every
distillation round is successful . )

r log > 115 ) = 109 > (n ) § =

¥15 )
r = log > (F)

= 0.4

5=n↳-



④

Poutnsp ) = ( Esp )
"
"

e. g .

We want output states

with emr rate

Pont
= 10-10 given p='- to

-2

Es

boyar
" )=nG log , (Esp )

10

n= 5
"

= 56



n is the winter of encoded
④

-

magic
states here

so the umber of physical

qubits needed ( assuming the

logical qubits are encoded m

the Stone code) is ±

We see that there is an

overhead associated - I

magstale distillation .

Lots of subsequent research

has focussed on reducing this



Postnpt ④

There are other ways of

circumventing Eashh - Knill

e.g. code switching

use two codes E ,
& C
,

such That the union of the

transversal gates of 9 e

% is universal

Then all we need to do is

fault - tolerantly switch between
E

,
a Ez

.


