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-

FTerrorcorrectionconsidernai.vecircuit

to measure stabilizer

✗
☒ 4 I suppose code

has D=}
.

"

i!*ÉE⇐☒É



f- (4) = I ②

For perfect input
e 1 fault during

circuit , we
need ideal decoding

of output = ideal decoding
of input .

Another way of saying
this :

we want to construct a

circuit that fails with

probability Ocp ) ie it

can deal with all single

qubit even I assume iid noise)
.



'
Good error

' ③

Pauli ✗ error

÷!ÉÉ¥ÉÉ#
Vey useful :

✗ ☒ I ✗ ☒ ✗

I ☒ ✗ F- I ☒ ✗

2- ☒ I Got 2- ☒ 1

I ☒ 2- -40 2- ☒2-



But
'

Bad error
' ④

Ñ{- -↳¥IÉ¥*
I ancilla error led to

2 errors on output ( an

incorrectable error )
.



⑤
Oviesontion

Shar EC [ Shar '94 ]

Instead of using a bare

ancilla use acats-tae.IO
>
④"

+ I 1)
☒ " ( omit normalization )

÷!FÉi::¥É¥:÷:*measurement

1600031-11111 )

-1 for
100007 -11111)



Now any single fault during
⑥

the circuit can only lead to

at most one fault or the

output .

But how do we prepare
the

cat states fault
- tolerantly ?

Cat state is a stabilised

( stabilizer code w/ h-=o)

10000) +111117

is stabilized by 2-12-2,2-273 ,
2-32-4 ,

✗1×2×3×4



⑦
Verificatiorcireuit
Cheek cat state stabilizer eigenvalues

1 107

'

I
'

noisy cat
1 to> ☒

'

preparation

Accept if measurement result

. .

is +1
, reject otherwise .

Remember as our code has

shape faults .



The verification circuit ⑧

catches all ✗ emus

on the input ant states .

It is possible for single qubit

✗ errors to be mhodnced into

the cat state dviy the verification

part, but have the same effect

as single qubit ✗ euros on the

cat stale chug the measurement

of the stabilizer .



⑨
We don't measure The

✗ 1×2×3×4 stabilizer
.

So single qubit tenors

can occur meaning
that

we will have 10000) - 11111)

instead of 100007+11111 ) .

This could cause us
to

apply
the

wrong connection

as the measurement outcome

would be flipped .



To deal with this we repeat
④

the whole procedure 3 times

and take the majority vote

for the stabilizer measurement

outcome .

As we are only considering

snipe faults drug the entire

procedure ,
we will get an

acute result .



①This whole procedure is

rather complicated and

required w-11 anciuas

where w is the weight of

the stabilizer we want to

measure .

Can we do better ?

Yes
, why

'HI
.



①
Flag error correction

[wt
First ,

another way
to

measure 2-0×4

Hi€
in
#i☒

Can be derived from our

previous circuit by inserting
I = HH



Idea : add
'

flag
'
ancilla to ⑦

catch bad faults where

7 fault -) 2q fault

or data qubits

÷;#¥¥☒☒
9
Flag



Bad fault ④

÷ T.TT#i::-☒
÷#¥E☒☒

detected&
Flag by flag

!



In general , for flag
EC ④

we only need 2 extra

flag qubits for fault

tolerant stabilizer measurement .

Aside : In the I2D ) surface

Code
,
these construction are

not necessary & fault tolerance

can be achieved by repeating

the stabilizer measurements

c) (d) times where d is the

code distance .



④

FTMeaswemattheeeais.baprocedure for
generic stabilizer codes but

it is rather cumbersome so

we will consider the special

case of codes .

Recall that Css codes

are constructed from two

classical linear codes

E
,
:[ n ,k ,,d ,

] ÉI:[ n it ,di



where Cztf C ,
⇐ dual ie ①,{ a / a -3=07*4 }

Css ( 9 ,
et ) has

parameters [[ n , ki
- hi , d ]]

d 7min ( d , ,dz )
.

9 ✗ stabilizes

efz stabilizes

The important fact for

us is the form of the

codewords :

where VEE ,
I lvtw )

weet

suppose we want
to measure

logical É for all encoded qubits .



④
To do this we measure

all the qubit m the Z

basis .
The only errors

we need to worry
about

are bit - thps as phase -

flips won't change the

measurement outcomes .

Let e. c-Fi represent
a bit - flip error

, making

our state I lvtwte)
.

weet



when we measure we will
④

observe the outcome

vtwte for random we¥ .

Now, vtw is a codeword

of 2 , as vtE ,
e ete e ,

suppose let Et = (¥ )
we know that d > mm (disdz )

.

Therefore we can just run

the classical decoding algorithm

for 4 ,
to obtain ✓+we hence v.



ETI ⑨

Problem : naively implementing the

encoding circuit 13 net FT .

e. g.
[ [4/2,21] code

5 =L XXXX, ZZZZ )

I
,

= ✗✗ 11 I, =/ ✗ ✗ I

É
,
= 12-2-1 2--2=2-2-11

can pipe tab ) with

the following circuit



④

I 07

"

¥←E!
Not FT ! e. g .

I 07÷÷⇒±.
7 fault

→ 2 faults or

output



One can use flag type①

tricks again but for

Css codes there is a

nice general method for

FT state prep .

Tasty pupae
10=07 all

zeros logical state

10=07 = ÉefIw)

ef describes = [ Slo>
on

✗ stabs stsx← ✗ stabilizes



③
10.7.07 = I 510¥

"

SE5X

= IT (1+4) to )☒n

gi 2-

where Sx = ( gi.gr , - , gu )

generally set for the ✗ stabilizer

( I +git is simply a projectile
2-

measurement of the generator

gi . We can do this

fault -tolerantly using ej .



Shor EC .

So to prepare
10=0 )

④

we measure a generating set

of the ✗ stabiliser group

l then apply the appropriate G)

recovery operator . It doesn't

murder if we apply a

logical É as

product of
É IT ( Itgi ) to>

☒n

will be a

✓ 2- ops in

gi I
code

.

' Ii "1E¥Én
a css



Postscripts
Otter FT stabilizer measurement

protocols exist , notably those

of Steve 4 Knill .

• C5S codes are by for the

most popular class of
codes

became of Their nice FT properties,

and in fact any [East,d ] ]

stabilizer code can be mapped

onto a [[4h, 2k, 2d ]] Css

code .


