
Lecture5 : Entanglement

Consider the state

14= /100AB + 1112AB)

Tra(1kX)
= Tra (2/100Xool + 100 X)

+ 1.1x001 + 111 XVII)
= [ (loxo + 11x1)

= I

Access to A subsystem gives us

no information about the state !
-



· Initially considered a mysterious

aspect ofq mechanics.

Einstein
, Podolsky ,

Rosen (1935)

· Bell gave a quantitative

analysis : Bell inequalities (1964)

Metaphysical implications.

· Experimental validation by

Aspect at Institut d'optique

theorique et applique (Orsay) !

Nobel price in 2022 for

this wart (shared with Clause

e Zeilinger).



tipartitepure states

↑ state 14ab-DAHis

is entangled if it annotbe

written as apoductstate
-

14AB # 14 >@ IXB) .

Equivalently , 14 AB is

entangled if its midt
number is >1 .
-

Recall Schmidt decomp :

14 (AB =Zili* (i) i
&

Schmidt #d Orthonormal



Bellstates

1 p= ) = 1/100Lab = (1kpp)
AB E

14=>
AB

= /1017AB + 1103AB)

10
-

y = z(p+2

14
-

7 = Ex /4+ )

14+ = Yo[/b+ 7

Basis for 2-qubit states

Local operations se. E = En Eis

cannot change entanglement

structure.



Ea En(14( & (x)p)

= 142a(x))i

Example

#= /1000 + 100k)

Is it entangled ?

A = &13 B = 32 ,33

14
Ap

= 10 */(1002+ 114p) No

A = 51 , 23 B = 533

1
A = (10070107i

+ 1017a01KB) Yes



QuantifyingEntanglement

Entanglement measure

E : D(2)) + IR S . t
.

E((exe) * (xXx)) = 0

E(ujit c i + ) = E(p)

Ret von New manu entropy

S(f) = - Tr/plogg)

=

- I di log Xi

=Xi spectral
=

/

decoup .



log(x) is a Concavefunction

leg s

-7
- : log(i)=l
Jensen's inequality -> toy (i)
for concave functions

= log(d)

= S(j) log(d)

S(Trp)) = log(d) iff j is

maximallyentangled



E(j) = S(Tra(p)

Ex

j = 14
+

X

= Tra(j) = I

S(pa) = - (ly(t) X2

= log(2)
Maximal

For a prestate

y = 14X+ /

S(j) = - log(x) = 0



Usesof entanglement

Oautum teleportation

A
It - (b+) (xij)

->ID]= itit = &
-= j

Rocedure

(10k) : u = I

10 (10) : u=



o (14 + 3) : Y=

1 (14-

3) : = EX

Alice measures in the Bell Jasis,

sends two bits to Bob
,
who

applies the recovery It.

Initial state

+y(p+ = ((0) +B(k)e(=(00 +1n)

noti(000 + 101)+lol

(its/100

Measure,get(100- 10)
2 + 1011) + 1111) 2 + 100k - 1101



=(0 + &(1
22

Pr(Si,j) = 10
,01) = 11 &10) +&11 112

= [(kk + 1812) = ↑

1x00) = x(0) + B(1)

Measure
, get (ii)= (1 ,0)

((b- 1 xI)( +>14+ 3

= (2001 - (111) @ ( < 10003 + a 1011

+ B(100) + Bl(1))

= (0) - &11

(x
,0)

= < (0) - B(1) = z(X00)



Mee)
2

= (k+0

|xa) = a(k +B(0) = X(X00

Measur , getSi(1 , 1)

(4- 10I)(4)(k+

= -(1) - B(0)

(x
,1) = < (1) - B(0)

= XE(Xor)



1 xij) = X Z: (400) = Mij 1400

[ij(xii) = Exi(XiEr)(Xool
= IX003 = 14)

&Itdeportation is not instantaneous

classical communication limited

by the speed of light.

Also extends to mixed states

Initial state /V

= [PilixiXelakBrjj

#I /X 1* B



= i[(y)001 +x1)]

T.(ii)eixelB

[ (100a + 11ka) [n]

= Nij Wide IXB

=ele=

To) d) = fir(p) = t

Repeat calculation for other Bell states :

ij = Yizijixi



Return toje by applying Mij = &*X ;

If Bob does not receive the classical

information then he would describe

the state a

↓( + XX + YY + Ejz)
no

Ty = - iY/
=

information

- 1

Xy = iz

Y = iY



Entanglementswapping
Alice

-
10+7 -

-
--

-

-----
BCharlie BBM

---

-|p+) ---
--- -

Bot-

Initial state

1p+>(b+ >

Measure in Bell Laris
,

out come10 , 0)

+

=/ ,
200111)I

1[lizalij)(j



= Sij la

=2 / 100AB + 111AB)

= 1007

Cool Too = 11 1X007 113

= 2= = Pr((zjj) = 10
, 01)

10
0
> = +(1003 An

+ 11k(n)
E

= 10+Ais

Outcome(1 , 7)

-1



= (2011)

1[lizalij)(j

=Fll0kAc - 110ac) = 14-Ac

So the output state is

i j

(0 ,0) 14+Ac

(0, 1) 1 ++Ac
= XI1@+Ac

(10) ICAc =16 Ac
(1 , 1) 14 <Ac = EEXI1@+>

As

Charlie sends (vii) to Alize

Cor Bob) who then applies
a Parli operator to recover 10+AL



Entangled state prepared on

AC w/ no entangling operations

applied between A e c !

Entangling operations such as
-

CVOT canbeeentanglement

CNOT(x> /y) = 12)/x +y mod 2(

x, y + 50, 13

CNOT 1 + < @ 10) = CNOt(iTosolos
+ (x * (0(])

= 000 + 110(k (
=10+ )



Local operations (E* FA ,
EE)

and classical communication (LOCC)
-

notcreate entanglement.

Entanglementfor mixed states

PAB - D(Da & (i)

Separate if it can be prepared by
LOCC

, entangled otherwise .

As = Zip j ? Separable

How to quantify entanglement ?

Entropy doesn't work i

JAB = In Ep separable
-



= I

S(a) = S(E) = log2 maximal

It gets worse
,
as deciding

whether a state is separable

or entangled is NP- hard !

E j = &(d
+

X + 110 - Xb
-

1

Separable ?

y = + (100X001 + 100X11) +11X001 + 1xXx)

+ 100X001 - 100 X111-111X00l + 111 X111)
= /100X001 + 111 X11I)



j = +((p+X(+ +10
- Xb- /

+ (4+X++ 1 + 14
- X+ - 1)

= I !

Exp separable

j = xg + (1 -x)j2x+ [0 , 13

Separable (w/prof a prepare

a separable state , w/ prof (1-2)

prepare a separable state (



(Positive partial
PTcriterion

transpose (

Separable = PPT

Partial transpose (In TB) PAB

If PAB is separable the

(In * TB) PAB is non-negative .

But PPT #) Separable

PPT isnecessary but not

sufficient
-



Pas= Pie

EnsAn = [Pite()T

Transpose preserves eigewalues

I PSD => (EBIT PSD

PPT also sufficient for

2= "GI2 & 2 = 4243

But for other 29

there exist entayled states

w / positive partial transpose,

known asfoundentangled states.



state

y = p(b
+ Xp+ 1 +1

p- [0, 1]

j = y + (000b
· (l-p) 0 o( o (1-p) o (T

00+ -p&

=

( =
Plz

&
Pl Er



I Fj
-

(I
Eigenvalues #p x 3

LB
1 - p- 2p

I 20 +p -x) = 0

(1 - p - x)" = (2p)"

1 - p
- x = 12p

x = 1 - p = 2p

x +
= 1 +px= 1 - 3p



v has PPT for

3,
pat

For ps the Werner state

is entangled-



&HSH inequality

(Clauer Home Shimony Holt)

Assumptions
-

1
.
Realism
-

One can associate definite values to

all proporties of a physical system ,

measurement merely reveals there

properties .

2. Locality
-

The measurement outcome in
region

A is not affected by a space-like

separated event happening in

region B .



The call space-like separation

(xA
, ta)(xB ,

+b)

( xa - xz) > /ta - ty) radom
- veribbles

oneof L
Alice measures two observables A

,
or An

Bob 1 1 / B
, or B2

w/ outcomes - EF13

-Condationfundia AnB-AuB
A = a

,, Azaz ,
B

,
=6
,
Bz = 62

(C) = Z p(Ai = ai , Bi
= bi)

↑
9

, , 97,
6
, 62

Patie (a ,
6

,
+ a , by+ azb ,

- antz)

9 (b , + b) + a2(b ,
- (2)



a an ,
6
, 62

9 , (b , + b2) + azb ,
- ba)

1777 2 Local

realism
171 - 7 2

Simultaneous

Max value is 2 assignment of
9 , ,92 , 6, ,62

(C) = Z
9 ,96 ,

6
.

P(Ai = ai
,
Bi = bi)

(a ,
6

,
+ a , by+ azb ,

- antz)

& 2 Z plai = ai
, Bi

= bi)
9

,,92 ,
6
, 62

= 2

(A
,
B

,
) + <A , Bz)

(C) = 2
↓AzBi) - <B

, B27



We can estimate e.g.
<A

,
B,

by measuring A ,
B

,
N times

and averaging the outcomes.

Now consider

|p+) = f((00 +11)

, = ZI B =(Y +z)

= XI =(E- Y )

(, B,

= (d
+ /B14t

= (ool + (11) Z +z

(100) + 11x)



= =(100) +111) = 100 +111

EX(100) + 111)) = 101 - 110)

= (d+ /B
,
10+

= (ool +(1) (100+1HO -10
= -
22

Note that 10% is the +

eigenstate of 2 & X@X
,

=** (k+ ) = 14
-

3

*z (b+ ) = 14
-

7

Bell states are an outhonomal

taris (C+14 ) = c



[B ,
L

= f(d
+ 1XY +Yz(b+

= ((d+ 10t

(*,B)

= (b+ /ZE - EN 1k+

= E

Cy B

= (d+ /Xz - **Y(qt

=

-E



(
,
B

,
L +2 ,B

+(Az B ,
3 - <Eziz

===!

Verified by experiments /Aspect)

=> Our world is not both local

and realistic !

which one would you give up

out of the two ?


