
Lecture4 : QuantumChannels

Part11

Recap : Q . channel is a
-

completely - positive
trace-preserving
Jlinear) mep/CPTPmap)

CP/Ea * FB) FABo

for any choice of B

TP Tr(g(p)) = Tr(p)

Liver E(xj + B = )

= nE(p) + PE(E)



Wausrepresentation

2)p)=i Eit
where It Ei = E

Today we will prove that

every9. chances has a Kraus

decomposition.

Theorem
-

E is a quantum channel iff
it has aGreus rep.



Proof

E

Ei(ap + BE) Eit

= Fip +Bi Est Linear

Tr (ig (
= [Tr/EpEit
= [Tr(Eit
= Tr/pt) = Tr(j) TP

14)
Ai
- Gag2B

(+ /(5 * Fi) fail t >
ABAB



=
= 151Abo

(4)
AB

= (E [p)+ 14) Ai

=)

Choose Dis S . t . dim 2a = dimcts
= N

Define

1alili
Spectral

(E* (b) ($Xd) = pl /decomp
AB

=



Consider
generis athonormal

14) p= ClicA
Define

1+*>= i) i

V /> define the liver operator

En : 1*
A

#(i)
c( +, ) + B( +z)

[(
/iA



i'l Eult)A
=

TNSil* InA

↓Si'lX

=Nil+*VuXVI
↑= vuvu=X

AB

=Ni
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liA
=Ev LAI
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= (E((j))(5

· <+* (iXj) +
*
>

i

E livea
Ci C

* <i) 5(zcicXi) is
A

= ur(2(1 + X+))(ji

Frans rep far pure states v

Mixed State = convex mixture

of pure states

E is liner => Graws rep for
mixed states



Last check

ir(liXj))
A

= I cil livi lisA
is A

= Gij
= Sj/Falia

Tr/liki)) = ir(E((ii)))

= Tr(EFulvil
= il Enlix
i' = 1 M= ,

A

= En
=Sjl =Ey



Reversibility
-

it can always he inverted by it
What about E ?

E
.

0 E
,
(14X+ 1)

=I En L 14X+[

!
= 14X4/

= En [a = Ana I

It I = It EnEn Ia

= dra I

= Bra I



Bas - Rt unles [a= 0

Ea is a dxd matix

Polar decomposition

En = Man

= Ma

MstMa=Bpa = Boc

Ma

=
to

Each Frans up is prop to the

save mitary matrix in evolution
is unitary !



The : Steinspring dilation

For any quantum channel

2 D(2a) - 1 D(2A) ,
we

can write it as

Trp) Uns( * loxol)
= E(ga)

G



Roof
Arans ops of

Define ↓
channel

: /xAE1AIVai
↑

orthonomat

+ ItA basis

=viEEI

= 41 EntE (4)A

=
3 +1 = 1 At = In

=>Can extend to a unitery
on the full space



such that

YAB : It> & 10)
i

↓[En 14 Vi

[li)
p
3 31v) 3 both othonomal

Tri (Was(P10Xol) Ut

= Tr(ZEjaEnt IVXVul]
B

Ata
= E(GA) Y



MuantumChannels Recep

Kraus
CPTP

map
(=)

rep

-
Steinspring
dilation

E quatum damel

CPTP Completely - positive trace-preserving

Frans E(p) = [Fight

Steinspring E(p) = Tris /Hais Paoloxol
KB(



wel-stateduality

Choi-Jamiolkowski isomorphism

J (2) = (2* [s) 1@XPIAB

142An=l

I
- [EAB] (A)

= N Tri ((E) Pap)

2" [J(g)](a)
= N Trb() In(

Ea + [p(qXP1)
AB



=Tr((T)

E(iii) eliki)
= ze/lixil) Tr(MagNB)
i
,j
To(ii))

MATr

11

( /EjT/i) = < i) Ei(j)

=j(il)=

Homewent to show

= (7" [EAB] ( . 1) = JAB



redomin Frows reps

Consider the state repo of

a chand

J(z) = (E* [ ) 1@X$1
AB

where 14)= Ilic/

7) (2)=EnEI
= It

But we can equally well express
this state in a different basis



1YaA= VaultuAi
& unitary E

J (9) = [ 1YaX

= I Kaul

= Van (EI)I

(I) Kn

Define Ma= Harr Frews
reps related

by unitary
- Er matrix

Mat= by def



#Howto specify a g . Chancel

Hervitial makix has

d real diaguals
d-1

2 z ,
a = 2 d (d-1) off diagonal
T real numbers

d + d2- d = d2

Herrificity pesevity liver rup

ha =x2 parametes.

E is constrained to preserve

trace on all inputs (d constraints)

# params
= d4-d'



1 qubit 16-4 = 12
parans

2 subt 256-16 = 240

44

Compare w/# parametes to

specify a density matrix

↓ Heritian d'

Tr(p) =1 d - 1

7 qubit 3

parany
2 quit 15



Palitrans for Matrix (p+M)

E g . chance on n-qubits d = 2
"

Define

(Rg(i
,j
= Tr(E(i) Pj)

p =0 ... Pin
& la Pauli

ops

E
. g. n= /

Ra =(00



& Tr (I) = 1

↓ ir(x) = [ Tr(Y) = ETr(z)

= O

In this formalism a density
matrix is arector
-

(f)i = Tr(Pij)

You will sometimes see this

written as (p)) = I

(f) = 7 = Tr(p)



Roparties

· E
,

0 E
,

channel composition

RaRg , PTM multiplication

· (Ra)i, j
+ [ + 1

, 1]

· For Clifford gates Rg is a

pentation matrix

· For Pauli chanels the PTM is

diagonal



Ex

Ex(f) = (1 - p)p +pX

Tr(Ex(X(p)

= Tr(Xp) = <
Tr (E

,
(Y(P)

= Tr((4-p)Y - pY(p)
= (l-2p)Tr/yp)=p



I X Y z

Ray =

200010 O( O 0 1-2p G S
O 00

= I

1 =) = (1 , 0, 0, 075

Rq(I)) = (F))

(g( = (1 , rx , wy , rz)

Rg(p >> = (1 , 0x , (1 -2p)ry , (l-zp(rz)


