
#e3 Quantum Channels

How to describe unitary acting
on a subsystem then tracing out

the subsystem?

Ret : Quantum Chanel

E : B(2) -> B(21) S . t .

7. Linear E(5 ,
+B(z) =

cE(j , ) + BE(pz)

2. Preserves Herriticity

j = j
+
= E(j) = E()t

3. Preserves trace

Tr(j) = Tr(q(j)



4. Completely positive
any finite dim HisE

Ed Is : B(2aHi) ->B(2aHis)

Jar0 = (E&Fis)(palo

↑
all eigenvalues are the

= <+ /pai 1 +)>0 14
- 2

These conditions ensure that E
-

up density matrices I Adusity-
matrices .

-

Condition 4 is a bit mysterious ,

why not just require

0 => Gaso ?



Consider the transpose map

T : (iXj) + 1jXi)

T : j + jT

( + (gT(+)

=

=i jij
= (4

+

15144)30as830

T is positive

Now consider

I
AB = liti



(To I)(IX)
= (Tol)(zlii

= jiXiB
:= SWAP

AB

SWAPAD : 14) a @ /2)i

= [itj/v)ne(j)B
i,j

# [4; +i (i) (i) is
i
, j

= (4) (4)



For Ha = Hp = (2

SWAp = (000 (
= (2)

Eigvalues are + 1 J multiplicity 3)
- I

=> SWAP is not positive

=> (Tol) (1X
not positive

=> Not a valid density matix

T not completely positive



Minecrity (if time)

why shouldI be liver ?

Suppose we prepare pr w/

probability pi and apply E

Them w/ probability pi we get E(pil

Recall : ensemble interpretation of

desity matrices

= Pip

E(j) = E([pii)

= [piE(pil by above

argument.



Nouliver E w/ strange consequences

E (j) = erTYTr(X)o -cTXTr(Xj)
pe

j = = = EloX01 + [11XI)

Tr(Xp) = Tr(x) = 0

E(p) = j

w/ prot 1 prep 10) and get 10

Y = ((0x01 ++1+x+ 1

=(2) (ib) (46) = (i)

Tr(* ) = [Tr (ii) =

Ej) = YjYWRod Repa
a

does it depud on other half ?!



Quantum channels are sometimes

called

1) super operators

2) completely - positive trace-preserving
maps (CPTP maps)

Kraus representation
-

Initial state

Ai = Eneloxo

UAB unitary evolution

= Tri /Kar Unis)

= Tris(Hab/Eneloxol) UTAB)



Tris(Hab/Eneloxol) UTAB)

=

EAxis
MT

Define ki = (i / UaB 10)i
B

This ison operator acting on A
~

= Zini nu)ki/va
&
Kraus operators =(u()i)

UAB

& (A) = [EnEit 1 ve(0)

Trans or operator sum representation

of the channel.

Are there any conditions on the

Ei ?



ZEitEr
=WilWa

Recall [liXil = I

==F
We will show next time that

every quantum channel has

a Fraus representation.



Pet Unitary channel has

just one Gras operator

2(f) = Ej Et

EETI in E unitary

Def : Unital channel E

E(I) = E

equivalently

z Eri =I EitEi
= E

i

Cannot increase purity



Examplesof quantum channels

&epolarizing channel

Edepol(p) = (1 -p)j +p
Interpretation : random

pe [0, 1] angle rotation about a random
axis /in Block

Unital Edepos (E)
= E Sphere (

Equivalent definition

Edepu (p) = (1 -p(j + f) **
+Y

Homework
+EE)

Showing they are equivalent



Amplitudedamping
Esto = (88((0

= (op)
&damp(j) = Eog Eot + E, j E ,+

E = (0) E = (p)
p + [0, 17 damping parameter

Non unitary transformation modelling
relaxation of a qubit to the

ground state due to spontaneous
emission

.

= /It rutrSe Stip

( |+p+ (1 -p)) op (rx+ iry) (#(in-iry) 1 - (p +) -p))

↓ = (Apr , opry ,
U+ ra(l-p()



(00)/[+ rut
=

/Sig-ing)Si)(
= (p(

+H

) (
(p)/[ rut)
= (1+r rx+ iny

·(ring) tri) (p)
=(+ is volrating)I FpSra-irg) (1-p(1 --3)



Better to show them

5 = (000 V
Edamp(p)
= Poot PPi Np PolI #P Pio (1 - p)p , (
Deive the same way as previous

page but using por etc.



↓ = (Apr , Fpry , p + ra(l-pl)

lim I' = (wa , ry , rs) = r
p ->0

tim 1
= 10, 0, 1)

p
-37

Not mital E(I) # E
damp

Can increase the purity

Esx



Rephasingchannel

E(j) = (1 - p(p + E 2 pf to, 1]

Coupling to the environment

-> random fluctuations of qubit

frequency ,
loss of info.

about the coherence of the

qubit

Random angle rotation around the

zaxis . Cital,

itflip channe

2(f) = ( - p(p + YgXp+ to , 1)



QubitT,

Edaup -discretechange of quit

state in time At,

Relaxation rate U = P/At-
-

Probability of relaxation per unit time.

E( ( Poot Pfi FPpo (# po (1-plpi

t = nAt

Ettamp(p) =E ... Emp(i)

Poo + pp , + p)) -p)py

Poo + ppn + p(1 -p)p, + p(1
-p)-py



1 - (1 -p)m

1 - ) - up + (2)pz - (5)p + ... )
= up - (2)p" + (3)p ----

n = 3

= 3p - 3p2 + p3

Po =pill-p
-

pur
= X - ( -p)")p,



Ettamp(p) =E ... Emp(i)

= ( Poo+ (1
- (1 - p(u)pro (1 -pj42 po , ((1 - p(42p , o (l-p)" pi

(l - p)" = (1 - (t/n)"

= e-
Ut

n-c

log (1 - ()" = n log (1 - (2)

log) 1 +2) x for se small

= n( - Et) = - Ut



( Poo + (1
- (1 - p(u)pir (1 - p)42 po , ((1 - p(42p , o (l-p)" pi

no Pool - ere)p, -ut/2ga( e-ut/2p, e Pi
&-Ut

Transmon

Relaxation time T := / qubits

Tie /us

Characteristic time by which the
500Ms

qubit relaxes to the ground state.

Can use this for qubit reset

&damp')+ (08) Up + DAs)

In practice t = 35, good enough



MeasuringT.
t

10)-HDF-
z

"Pose"

j(t) = Eamp(11X11 (

= 1- to tT, )(
Vary t , measure

No (t) # shots measured 10)

N , (t) # shots measured 11)

Fit p, (t)p, (t)=MC Nst) = A + Be
+/



&

Qubit To

Ez discrete change of qubit

state in short time At

&pe = (6) () (d)
=

(Pro) (d) =(,
[ (p) = (Poo (1-2p) po (

Cl-2plpio Wil

Dephasing rate Up = 2 p/At

Probability of Z enor per

unit time.



Dephasing time Up = +

To

After time t = nAt

EE(j) = ( Poo
et/ty poi &/Topo Pi

In real life we have amplitude

damping and dephasing at

the same time
commute so

EdampoE(p) order doesn't matter

= (porettiea &



when in = ( +2)
↑

coluence

time

T ~ IMS-200ms transmon

O T2 2T,

T
,
limited if T2 = 2T,

Measuring Tz-

Ramsey experiment
-

10)-- -FA-D=

F =e) _ ) "The pulse"



j(t) = ExtmpE(j)

= 1 (1
-

et/in /th (*

Vary t , measure

No (t) # shots measured 10)

N , (t) # shots measured 11)

Pr(t)=Most
Fit polt)

- t/c
= A + Be


