
#tue2 : Quantum measurements

Recall that an observable in
-

Quantum Mechanics is a lamition

operator A
-

As we showed last time , this

implies that A is diagonalizable
and has real eigenvalues.

Exa3 distinct= [1. Pa eigenvectorsIt

eigeal & Projector onto eigenspace a

We have the properties

= Hermitian

Pap = o Orthogonal



= Pa Projector

= E Complete

This is a consequence of the

fact that 7) = Ha

a
eigenspaces

14) = [lta= H)

I

But this is essentially the spectral
Theorem

.

-

Let j-DJ20) be a state
,

suppose we measure.



The probability of outcome i

is Prob(a) = Tw/pPa) and

the corresponding post-measurement

state is Ja=
This is just the Bom rule for

mixed states.

-Savitycheck: Prof (a)

= Tr(pPa)
= Tr(p[Pa) = Tr(p)

= 1



Ex = Y =

(0)

1) = N -1 = 1

x- - 1

Eigenvectors
H+ = +)) + -i =

i
-i = 0

|t ) = (i) +
F
+

= 1 ++x++ 1

= (i)(v - i) =(ii)
p- = 14- X +- 1 = 2())4 , i) =t(t)



Sanitycheck

=(i)(iii)
- (??i) = P+

p2 = p
- -

P
+

+ P
-

= I

P
+

+
= P

+

+ = p

- p. =+(ii)(i)
= (08) = 0



p = 1 +x+ 1 = (ii)

Rob (+) = Tr(P+ j)
= Tr(t(i)(ii)

=Tr(i)
= E

Pob11 = Tr (5- 5) = +

= = c+

= (i) (i ! ) (i)



= (i) (i ! ) (i)

=(iii)
= +(1 + i -i + 1

4 ri-i )=)
= P

+
= ( ++

X++ 1

Similarly P = 14-X+- 1

In this course we will need a

generalized notion of measurement-

cores the case when the measuenant

operators are not projectors .

-



Positiveoperator-valued measures

[POVMs)

First a quick note on the

unitary evolution of density matrices

Recall (4) +> Ul +>

For + DJ2) prUpUt
This makes sense

,
consider j = 14X4

1 X& 11) Ul +X+Ut

Easy way to rementer where the dagger

goes !



Consider the bipartite system

(4)
AB

= (x(0)a +B((a)(1)

Suppose that 14Ais undergoes mitary
evolution

U : < (0)a(a)y + B(ka(0)i

H x (0)a(0)y + b(1)A(ki = 14
AB

Suppose we measure the observable

Zi = In B Skip this in Lecture

i.e
.

do a projective measurement of

on subsystem B.
↓

(69)



Projector (on B) are

= (68) = 189)

# P = (000)=
IOP =

( %)
Rob(+ )=CHA

= (0 , 0,5)
= 1x12

Rob(-) = 1B12



I Ad:
10a lo

It-<AB= IKAIK E a
1)

life a projector"

+= 100Xo Try(j+ ) = 10 Xo
Trp/p-

) = 111

Now suppose instead we measure

X = ( %6 ) on qubit B.

↑
+

= =(i ! ) = 1 +y+

p = 2(y) = 1 -y



Rob S +) =+ EH+ 1+
AlAB

()(0x01 + 11(11) (+Y+1]a(0)+* (0)
y
+B(ka* (1)

1052
Probl+=R+= < + 10)

= (+(k) = 7
Robl-) = 1 < - 10) = 1

E
2- 1x = -1

In 01 - y- 1 14
AB

E

= 1001-) B -(11-

It
a:

= x(0 + 7AB + B(1+AB



It- >AB = <10 - >AB-11-> AB

5+
= 14+4 +

1

Tr( = Try (11 10 +X0+ 1 + ab/ 0+ +
AB

+ Ba (1 + Xo+1 +1BR(1 +X1+1)
AB AB

=

/
= 14

where 147A =
< 10 + B11A

= It-+-

1

Tm() = Tri (110 - Xo-1 - aB0-
AB

- Ball - Xo-1 +1BR(1 -X1- 1)
AB AB



Trb(p - ) = 1xXx)
A

where (x(A = < 10)- B11)a

But <41x3

= (a+, p+ )(-)
= 11-1912 =

G
unless 1 = 18



Let us rewrite

14AB
= &100)

AB
+ BlIKAi

M
+ only acts on A ! -
- -

= En (k)* (+B ++14 * 1 -

>

↓k(0+
Ap

+ P(( +) + a)0- Cab- P(1 - [B]AB

·10 +pl
10C

i
11)

B

We can now read off that a

measurement of FA@XB prepares

the states
↓ (kA

= 163a
-

+)

and Elb>A = 1x)A



Now suppose that subsystem B

is a quait with othonoma basis

5) a) : a + 20, , . .

.,
d- 133

Suppose that we start in the

State 14)
AB

= 1670107B

U : 14 <AB [Malka * (a) B

= It
AB

AtSay =

a * 1 + LAB = 1

>PIMM14 B(a(b)y
= 1

= /Ma

10) iswbity => [Ma = E



for Pa = Ino/aXalBam rule B

Prob(a) = 11 Malk)/)2
= >AIMAMa(4

B14)=
= 11MaldAll2 11 (a) ll2

Prof(6(a) = 11 Ms 18) 112
I

mais
If MyMa = Jay Ma then we recover

our orthogonal projectors



If instead the initial state on

A is a density matrix je

Prob(0) = Tr (p Mina)

= Tw/p Ea)

What do we know about the

Ea ?

& E = [Ma = I complete

Eat = /Mamalt = (Mama) = Ea
Hermitian

(d) E>
162

= 11 Ma 14> /12, 0 Positive



Any set of operators wh these

properties is called a optive

operator-valued measure (POVM)·
-

Going back to our example

M= M=

+=E = tit z = I

Herritian -

Complete

Positive ~



Purification of
Lemma (Newmark)

a porm !

Any Povm &EaS can be
a=0

, .-

,d-1

realised by coupling the system

A to an auxiliaryqudit i

and performing a projective

measurement on system B.

Proof
-

Write Ma=
a
ra

Ea is non negative and Hermitian

= it has a non negative square

root



We have MMa=natan

=E = Er

↑
Aside En = ra porthon

a

= Milvixvil

(E)t = /MiltIviXvil
1/

Fi

<I = E FiKvi >R, O

-

U : Paoloxol
B

H MagaM laxa



On pure states

U : 1)
a
& 10)

I Malta (a)i

<old Utu I

=)alM

=za+ 1 MaMalt)
A

= /Emma 1 + >
A

=

ad + 143a
-

= E

Reserves inner products

Technically an isometry but car be

extended to a unitary on the whole space.



Projective measurement on i

Elaxa

Rob (a) = Tr /Enlaxal
MJAMsto (tX61)

B

= Tr (Majalayal
= Tr (MajM) Tollax

T

= Tr/gaMaMa(
= Tr (pnEs)

B

What is the post-measweet state ?



Ph = Tri/Enelaxal
B

& Mo En M ,
+ 16 x6

En@laXal)/Robla
= Tri (MaPaMat@laXal)/Robsa
= MajMa6lakalb/RJl

= At t
=F
=[T



It is abitrary so the port-weas .

state is not uniquely determined !

It depends on how one implements

th PorM
.

Ex

H
a

= x(0)a +B(kA

< 10) A(0>3 + B(1)A(1)B

= Ploxo, I lo + Pixi 1
HAlls

A A

- -

Mo M
,

POVM wh elenab MoMot = Mo

and M
,MT = M,



Themeasurement problem

Let us return to the axious of P.

M.

1. States are dessity matrices

v + DS2el

j
+

= p , j,0 ,
Tr(p) = 1

2. Composite systems are formed from

tensor products of their component systems

3. Time evolution is unitary ( + B(z)

' = Yput unt = I

4. Measurement via POVMs
-

5 ma3 [Mana = I M-B(2el

p(a) = Tr(Matmaj)



Post-measurement state

=Matt
Measweet problem :

how to get 4. from 1
.,
2
.,
3.?

7
. Many - worlds

There is no 4 !

2. Psi-epistemic

v represents a state of knowledge

other options : decohence ?

pilotwae (Bohn) ?
de Broglie


