
-LectureI : Quantum States

Sensitymatrices (operator )

Useful to describe

· Probabilistic preparations of quantum

states

· Subsystems of quantum states

We will need both in this course

Def Hibert space I

Complex vector space with an

inner product
1 . 10) : 21 x H-

such that



1. Lineer It, 143,1x)-2 a
,B-

(x(+ ) +B(d1)((x)) (1st argument)

=

a(+ (x) + B(q(X)

2. Conjugate symmetry

<+ (k) = <41 + )
*

3. Positive definite

< ↓1 + )30 and equal too

iff It = 0 Nam

1114)11 =-<It
4. Completeness (int dim spaces)

Any Carchy sequence of state
in 28 comeges to another

state in 2.

Elti) 3 s . t . V9 >OINEN s . t.

Vi, j) N 11 Iti) - Itj) /l < E



Ex

2 = $2 Qubit 103
,
117

2 = 143)on qubits

You will see examples of inf div

Millet spaces in the Q . C . course.

liner

Def Bounded
, operators on 2 ,

B(21)

Operator 8 : H-> H in B(H)

if

1. Linear

= (x|+) +B(q))
= <= (4) + B = 16)



2 . Bounded

= Cet s . t .

1) = 14) 11 < (1) I+>11 VI>-2
Il

Ex HtI+)
2x2 complex usatrices

2) = (2 [

B(2)) = Mz(k)

4 = (42)
en

B(2) = Mqn()

Let Density matrices /operators

25 -> B/29) is a density

matrix (in D(71)) if



1
. T = p Hermitian

2
. Tr(p) = 7 Normalised

3
. j0 Positive

&
VI eff < 4/p(+)0

Ex

H = C2

i = (bi)

jt = j -

↑r (f) = z + z = 1 -

(20 It -2 < +1014) -

= <+1 + ) = 1/13/1 0



Lemma
-

All -D(2) have

real eigenvalves that sun

to 1.

Roof E
↓

Suppose (b) = x(0)

(d(g(0) = x(4(b)
11 Herritian Il

(p(j
+
16) = X

* (d(k)

=> X - R((410740)

(d (p(q)0

* <&1470

<103,0 = > X30



Tr(j) = 1

Tr(uDu+ ) = 1

↑D= xi (iXPil

U diagonalises -
Tr (ABC) = Tr (CAB)

=> Tr (Ubut) =Tr(D)
I

= Tr(D)

= xi
= 1

B

Ret - D(2) is pe it

j = 14Xtel projector onto 1>

=> y = (14X+ 1) (1+Xy1) = 1 +X+) =g



~och splee

You saw the Block sphere last Lecture

103

-
S



Leuna Any 1 qubit density operator

can be written a

j(k) = z(i + roy)

where - R3 (1) >/

= (x , Y , z)

Proof

=(a) = ()
a,
6
, c,
d C = (ax

Above places 4 constraints

=> 4 real number degrees of freedom



We can expendjo in the basis

& X
,
Y
,
z
,3

j = ((ri + rX + -Y + rz)

Tr(j) = 7

Tr(X) = Tr(Y) = Tr(E) = 0

= ro = 1

n = !(I + r, Y +my + rz)

=
It is - it

( ri +ir 1- By
S

Tr(p) = < => eigenvales of je
cannot both be negative



If Det() = i)-P.

2
- P2-Psk, o

thes both eigewales are positive.

=> ri+ ri + is < ]

↓ (P ,
Pr
,
Pa) = ((E + r, Y + mY + ryz)

(E) = &(I + r -E) (F(x)

D

Corollary-
There is an isomorphism between

19 density matrices and points

in the unit 3-ball

& called the

& -R3 : 12/13 Block "sphere"
& Block vector



103

-
S

(11 = 1 pure state e . g . loXof

InKI mixed state e.g. I



Schmidt decomposition- (2e2e.f .

Leusma Suppose H = Ha *2
-

Then we can write any

14
AB
- If in the form

1
Ai

= Edi(i) @ (xi

where EIDi)S ElXi)3 are orthonomal

bases for Had Hi , respectively,

↑- +
,

r min (dim Ha , dim His)

& Schmidt rank



Matrix

Roof ↓
~ rank (4)

rows

It
AB
- 2 = min/dimHa

dimCtp)

=imli IM ↑
cols

Eli>3 authonoural baris for 2A

il j = Fij EIMB3 for CB

Chane of Gasis 17;) := ↑
in /MTB
I

Not outhonoma in general

1↑
AB

= [li)

Suppose Ja = Tri (1+ X + 1)AB

= pilixi



By direct calculation

Ja = Tri (1+AB)

= Trb)j
= [p;/i) livi
i , j

NB Tr(1ixil( Orthonomal
& Gusis

= [pk/iX Yjlk)i

= Filk), El Fili

=(j) [IkXElli) BB
um

I

= /i



Epilixil = [S loXi
B B A

i , j

=> B(jli= PiGij

S/3 are outhogonal in fact

Define 1xi7 : = pF"i

Xilx = Pidij = dij outhonoual

It
A

= [Fili 1x13p
isthemidt decomposition of It AB

Fi are the singular values of

14) AB



Ex I=I (100+ 101 Ap+ 110

- 11 AB)

= Try (1+

= <01 +X+ lot11 *XtlIB AB

= loxol++A
+11x11 + 10x0 -I

A

- 101 +11
=

I(i) = luXi)

po = p ,
= z



#
a

= I (100+ 101 Ap+ 110

- 11 AB)

102 = Zor(M)R
= [(10)p + 1PB) + =

E

1T(B ==(1033 - 1kB) =E

10 B=1 = (10=
11> = 1 - >

B

=>It
AB= (10) * (+

B

+ (nA * 1- >3)



Convexityof mixed states

Leung

Suppos j c - D(29)

xt [0, 1]
then

j(x) = x + (1 -x)pt D(1)

Roof

j(x)= x+ + (1-x)pit = p(x)

Tr(p(a)) = TrJxp ,
+ (1 -x)pz)

= Tr (ap2, ) + Tr()l -x)gz)
= a Tr(g) + (1-a) Tr(pz)
= x+f1 -x) = 1



< + (5) +)

=

a < + 10 ,
(4) + (1 -x) < +15214)

30 7,0

0
B

Crollay DJGC) is a convex set
.

For a pure state 10)x = /

y = 14X4)

Pure statesasvenal point of
the set.

We can always write a mixed

state in the basis in which it

is diagonal .



j = [piliXil

This gives us a way toprepare

j . Imagine a machine that

prepare (i) ul probability is etc.

This prepares the state j.

NB The decomposition is not mique

103 I = /0x01+ 11X11)

# S

117



But I =((1 +X+ 1 + 1 - X- 1)

Check : 1 +X+ 1 = flox0 + 10X1/

+11x0 | + |1X, 1)
1 -X- 1 = ((l0x0) - 10X1/

- (1x0| + 11X11)

You can check it for 1 + i < el-i) !
-

In general , we can write the

non-extreme points in infinitely

many warp ! (x-[o, 13)



Purification

We have seen that we can

always write a mixed state as

= Pillil = pi = 1

(diagonalize the matrix)

We can construct the prification
of js as follows

1
Ab
= [Fi (i * /Xi

where /Xi1Xj) = dij Schmidt

decomposition
Let's check !



Trp)1$41)
= [p>Xt)dX(XkB

= [ii * //*<* /Pica)
jik

(g) Y; )e(Xj))(x2)
= I spii dai Jaj 14:Xj
i
, j , k

= PilYiXei

↓ Hughston , Jozsa ,Woote

Lemma Any two purifications as
-

related by aiitary acting or

the purifying system.



Let ja= Pillitil

14AB = [i /4: /ii
< Xi(Xi) = Jij

But we can also prepare A in

a different way

1Ab = ZilYITi B

Chays of Faris /Xi) = 14:)

<xi(ti) = ( Xili+u(Xj) = Gij

=>16) AB = (E) (2) As
1



Listinguishingquantum states

Det : Fidelity between j, -D(2)

F(g, ) = Trump)
"

Do the next lenna first !

Lemma : For j = 14 XH, = 1X$/
-

F(p ,=) = k4/k)/2

Prof

irlpl)
"

- irlop)' j2 =j
=irIx+ 1 * X41 +X+) (2



irlx+ 1 *XX+ (2
(+10)

*

=Tr(1IXH)"
Tr(XA)

= Tr (1 <+10) /14X+ 1)" = xirCA)

= (c)+1)
= (+ d) 12 D

Lama For p = 1 +X + 1 = -> D(2)

# (p ,8) = <+ 1814)



Proof

irlpl)
"

- irlop)' j2 =j

=TX
14X+/

= Tr(H) " = (HXH
<

= ( + 11 +) To (14X+1) 2
= (4)E1 +> 15



Ihm JUhlmanal

F(p, ) = max 1s+14)12
1↓)
,
16)

where ItC and 163 we purifications
of p and E

, respectively.

Roof : Restill Ch2 2 . 6 . 1

Corollay
-

↑ (p,) -> to, 1] Candy Schwarz

1 <+ 14/2 < (414) (414)

/

1+ (4)120



But fidelity is not ideat as

↓ F is not a metric

Def metric d : DX2 x D(21)

-> [o, a)

7. d(g ,:)30g, -D(2))

1 - F(p, ) + 50, 13 r

2. d(, ) = o iff j = =

↑(p, ) = 1 is j = E
uhlmann
as Kt(0) 1 = 1 iff (4) = gi0(k)

=> Tri (1X+1) = Tr(10X1

~



3. d/p, ) = d( , j)
-

↑ (5 ,:) = F(E
, j) havewart

4
. d/p ,* )3d(p, ) + d(F ,E)

triangle inequality X
homework

An example of a metric on

D(2) is the trace distance

Bef : Trace distance between

j , 8 - D(2)

Dir (, ) := Trllj-ell
=[Tr-)+ (p - =)



You will show that Dr (5 ,5)

is a metric in the homent.

The fidelity and trace distance

are related as follows

-

- D(, )

,


